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Abstract. In ElE] Kraskiewicz and Pragacz introduced representations of the 
upper-triangular Lie algebra b whose characters are Schubert polynomials. In 
[12) the author studied the properties of Kraskiewicz-Pragacz modules using 
the theory of highest weight categories. From the results there, in particular 
we obtain a certain highest weight category whose standard modules are KP 
modules. In this paper we show that this highest weight category is self Ringel- 
dual. This leads to an interesting symmetry relation on Ext groups between 
KP modules. We also show that the tensor product operation on b-modules is 
compatible with Ringel duality functor. 


1 Introduction 

The study of Schubert polynomials is an important and interesting subject in 
algebraic combinatorics. One of the possible methods for studying Schubert 
polynomials is via certain representations, introduced by Kraskiewicz and Pra¬ 
gacz ([3 El), of the Lie algebra b of all upper-triangular matrices. These rep¬ 
resentations, which we call KP modules in this paper, has the property that 
their character with respect to the subalgebra of diagonal matrices is equal to 
Schubert polynomials: just like Schur polynomials appear as the characters of 
irreducible representations of gb. 

In [12] and [13], the author investigated the properties of KP modules. The 
main motivation there was the investigation of Schubert positivity: i.e. the 
positivity of coefficients in the expansion of a polynomial into a linear combina¬ 
tion of Schubert polynomials. Because of the property of KP modules described 
above, if a polynomial / is the character of some b-module having a filtration by 
KP modules then / is Schubert-positive. In m we gave a characterization of 
b-modules having such filtrations, and we used the result in m to prove some 
positivity results on Schubert polynomials. For details on these results see these 
two papers. 

One of the main tools used in [12] is the theory of highest weight categories. 
A highest weight category is an abelian category with a specified family of ob¬ 
jects called standard objects, together with some axioms. For a highest weight 
category the notion of costandard objects are naturally defined, and it is then 
shown that an object has a filtration by standard objects (a standard filtration) 
if and only if its extensions with any costandard objects vanish. In [12j . with 
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methods from highest weight categories, we obtained a characterization of mod¬ 
ules having a filtration by KP modules (the work was strongly inspired by some 
works by Polo, van der Kallen, Joseph, etc. on Demazure modules: see the 
bibliography in m)- 

For a highest weight category C, there is a notion called Ringel dual of C, de¬ 
noted C'^ . It is another highest weight category, with a contravariant equivalence 
between the subcategories and (C'^)^ of objects having standard filtrations: 
i.e. is obtained by “dualizing” the structure of the standardly-filtered part 
of C. The main purpose of this paper is to exhibit a highest weight category 
Cn whose standard objects are KP modules (Theorem [3T]), and show that this 
highest weight category is self Ringel-dual 1 Theorem 14.II) . This provides a con¬ 
travariant equivalence on the full subcategory of modules having KP 

filtrations, and gives an interesting symmetry relation (Corollary 14.21) on the 
extension groups between KP modules. Note that the ordering on the set of 
weights for our highest weight category is not the usual root order on the weight 
lattice (see Section [3]). We also investigate the relation between Ringel duality 
on Cn and the tensor product operation on modules (Theorem 15.ip : we show 
that the tensor product operation on the b-modules, slightly modified to give an 
operation on C„ (which is not closed under the usual tensor product), commutes 
with the Ringel duality functor. 

The paper is organized as follows. In Section [2] we prepare some defini¬ 
tions and results on Schubert polynomials, KP modules, and highest weight 
categories. In Section [3] we explicitly relate KP modules and highest weight 
categories: we give a certain highest weight category C„ with KP modules 
(w G Sn) being standard modules (it is in fact an immediate consequence of the 
results in [E]). In Section |4] we show that the Ringel dual of C„ is equivalent to 
itself, and show that under the equivalence —>■ (C^)^ the standard modules 

correspond as >—)■ Swowwo (w G Sn)- In Section[5]we show the compatibility 

between tensor product operation and the Ringel duality functor on Cn- 

2 Preliminaries 

2.1 Schubert polynomials 

A permutation is a bijection from the set of all positive integers to itself which 
fixes all but finitely many points. Throughout this paper let us fix a positive 
integer n. Let Sn = {w : permutation, w{i) = i (i > n)} and = {w : 

permutation, w(n -f I) < w(n -I- 2) < • • • }. For i < j, let tij denote the permu¬ 
tation which exchanges i and j and fixes all other points. Let Si = For a 

permutation w, let i{w) = < j : w(i) > w{j)}. Let wq G Sn be the longest 

element of S^ i.e. wo{i) = n+ l — i{l<i< n). For w G we define 
code(r(;) = (code(ry)i,..., code(ry)„) G by code(r(;)i = #{j : i < j,w{i) > 
w{j)}: this is usually called the Lehmer code and it uniquely determines w. Note 
that ii w G Sn we have code(w) G A„ := {(oi,..., a„) G TR : 0 < Oi < n — i}. 

For a polynomial / = f{xi,... ,Xn) and I < i < n — 1, we define dif = 
J'-x'+i • each w G S^^ we can assign its Schubert polynomial G 

Zjxi,..., Xn], which is recursively defined by 

• &nj = ^ ^ if w(I) > • • • > w{n), and 
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• &wsi = di&nj if i{wsi) < £{w). 

It is known that the set {6^, : w G Sn} constitutes a Z-linear basis of the 
ring Hn = ... ,Xn\/I where I is the ideal generated by the homogeneous 

symmetric polynomials in xi,...^Xn of positive degrees. Note also that the 
natural map ..., a:„] ^ Hn restricts to an isomorphism of Z-modules 

Zx^ ^ Hn, where x^ = x^^ ■ ■ ■ x^"- ([SI Proposition 2.5.3, Corollary 
2.5.6]). We also need the following basic facts: 

Proposition 2.1. Let t : Hn Hn be the ring automorphism given by Iri ^ 
-Xn+i-i where xl = Xi mod I. Then for w e Sn, ti&w) = &wowwo ■ 

Remark 2.2. The automorphism i corresponds to the map between flag vari¬ 
eties which takes a flag to its dual flag: see eg. jU §10.6, Exercise 13] 

Proof. First note that iodiOL = dn-i- Thus we only have to check the proposition 
for w = Wo. 

Since the only elements in Hn = '^&w with degree (j) are the con¬ 

stant multiples of 6u)o> we see that ^(Gujq) is a constant multiple of &wo- Let 
{ii,...,ii) be a longest word, i.e. I — £{wo) and w = •••Sj,. Note that 

{n — ii,... ,n — ii) is also a longest word. We have &wq = ©id = 1 and 

' dii ^(©uiQ ) — (^^n—zi ^) * * * {I'dn—ii ‘ ' ’ £^n — ii ^wq ) — 1- 

Thus i(©ii;o) = ^ 

(n) 

Proposition 2.3. For w G \ Sn we have &u, G I- 

Proof. Since dil C I for any l<z<n— 1, it suffices to show that the 
proposition holds in the case w(l) > • • • > w{n). Since in this case G^; = 

it is enough to show xf G I. This is immediate from 
the equation nr= 2 (l —'Xiu) = i_^n ~ La il„[[u]] since the LHS 

has no terms of degrees > n in it. □ 

Schubert polynomials satisfy the following Cauchy identity: 

Proposition 2.4 (5.10)]). &w{x)&niwo{y) = Yli+jKni^i + y 3 )- 

2.2 Kraskiewicz-Pragacz modules 

Let iG be a field of characteristic zero. Let b = be the Lie algebra of all 
upper triangular iG-matrices. and let f) C b and 11 + C b be the subalgebra of all 
diagonal matrices and the subalgebra of all strictly upper triangular matrices 
respectively. Let U{b) and U{xH) be the universal enveloping algebras of b 
and n+ respectively. For a W(b)-module M and A = (Ai,...,A„) G Z", let 
M\ = {m G M : hm = (A, h)m {\/h G b)} where (A, h) = '^\hi. M\ is called 
the X-weight space of M. If Mx ^ 0 then A is said to be a weight of M. If 
M = Mx and each Mx has finite dimension, then we call that M is a 

weight b-module and define ch(M) = dimMAX"^. From here we only consider 
weight b-modules. For 1 < i < j < n, let Cij G b be the matrix with 1 at the 
(i, j)-position and all other coordinates 0. Let p = (n — 1, n — 2,..., 0) G Z" and 
1 = (!,...,!) G Z”. Also let = (0,..., 0,1, 0,..., 0, —1, 0,..., 0) G Z" for 
i S: i < j ^ n, where 1 and —1 are at the *-th and j-th positions respectively. 

For A G Z", let Kx denote the one-dimensional Z^(b)-module where G (} 
acts by (A, h) and acts by 0. 
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In [B], Kraskiewicz and Pragacz defined certain W(b)-modules which here 
we call Kraskiewicz-Pragacz modules or KP modules. Here we use the following 
definition. Let w G Let iL" = 0i<i<„ Km be the vector representation of 
b. For each j > 1, let {i < j : w{i) > wlj)} = {ij^i,.. .,ij,ij} 0.i < • • • < ij,ij), 
and let Uw'^ = m,. A ■■■ A m-, G A*’ Let = Uw'^ ® Uw^ 0 • • • G 

J I J ’’■j 

0j>i A ^ Then the KP module associated to w is defined as = 
ly({b)uw =U{n'^)uw 

Example 2.5. If rc = Si, then Uu, = m and thus we have Sw = iG* := 

KP modules have the following property: 

Theorem 2.6 ([5J Remark 1.6, Theorem 4.1]). For any w G S^\ is a 
weight b-module and ch(iSu,) = &u,. 

We slightly generalize the notion of KP modules. For A G Z", take fc G Z so 
that A + /cl G Z"p and define S\ — Sw K-ki (w G S^\ code(w) = A + /cl). 
Note that this definition does not depend on the choice of k. We denote by u\ 
the generator of S\. We also write 6^ = ch(5^) for fj, G Z". 

2.3 Highest weight categories 

Highest weight categories were first introduced by Cline, Parshall and Scott 
([2]). In this paper we use the following definition (cf. [7]): 

Definition 2.7. Let C be an abelian iL-category with enough projectives and 
injectives, such that every object has finite length. Let A = (A, <) be a finite 
poset indexing the simple objects {L(A) : A G A} in C (called the weight poset). 
Moreover, assume that a family of objects {A(A) : A G A} called standard 
objects is given. Then C = (C,A, {A(A)}) is called a highest weight category if 
the following axioms hold: 

(1) Homc(A(A), A(/r)) = 0 unless X < p. 

(2) Endc(A(A)) ^ K. 

(3) Let P{X) denote the projective cover of L(A). Then there exists a surjec¬ 
tion P{X) A(A) such that its kernel admits a filtration whose successive 
quotients are of the form A(z/) {v > X). 

Below we list some properties of highest weight categories which are used 
in this paper. For the proofs of these see Appendix (or references such as [2], 
m and [31 Appendix]: the formulations of highest weight categories and these 
properties vary with references, and so we collect both the definitions and its 
basic properties we use, along with their proofs, in the appendix in order to 
adapt them into our settings). 

For a highest weight category C and A G A, let C<\ denote the full subcate¬ 
gory of objects whose simple constituents are all of the form L{p) < X). Let 
V(A) G C be the injective hull of L(A) in the subcategory C<\. The objects V(A) 
are called costandard objects. The standard modules can also be characterized 
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in this way: A(A) is the projective cover of L{X) in C<\. More generally, for 
any order ideal A' containing A as one of its maximal elements, A(A) is the 
projective cover of L(A) in the full subcategory Ca' of modules whose simple 
constituents are L{^) with /x G A' (Proposition IA.6I) . 

A standard (resp. costandard) hltration of an object M G C is a, filtration 
such that each of its successive quotients is isomorphic to some standard (resp. 
costandard) object. For a highest weight category C let denote the subcat¬ 
egory of all objects having standard filtrations. 

Proposition 2.8 (Proposition IA.7I) . Homc(A(A), V(/x)) = K if X = and 
0 otherwise, and Extc(A(A), V(/i)) = 0 for i > 1. Hence if M G C has a 
standard (resp. costandard) filtration, then for any X G A, the number of times 
A(A) (resp. V(A)^ appears in (any) standard (resp. costandard) filtration is 
dim Home (M, V(A)) (resp. dim Home (A(A), M)). 

Proposition 2.9 (Proposition I A. 9() . Let M G and let A' C A be an order 
ideal. Let be the largest quotient of M each of whose simple constituent is 
isomorphic to some L{X) (X G A'). Note that the existence of such a quotient 
follows from the finiteness of the length of M . Then and Ker(M —» ) 

have filtrations whose subquotients are of the form A(A) (X G A') and A(/i) 
(fv G A\A'J respectively. If X G A' is a maximal element in A', then Ker(M^ —» 
^f'*'}) is isomorphic to a direct sum of some copies of A{X) (note that the 
former statement follows from this one). 

An object A/ G C is called a tilting or a tilting object if M G and 
Ext^(A(A),M) = 0 for all A G A. In [TU] Ringel showed the following results: 

Proposition 2.10 (Proposition I A. fill . For each X, there exists a unique (up 
to isomorphism) tilting T{X) which is indecomposable and has the property that 
there exists an injection A(A) ^ T{X) whose cokernel admits a filtration by the 
objects of the form A(/i) (p. < X). Moreover, every tilting is a direct sum of the 
objects T(X) (X G A). 

Proposition 2.11 (Proposition IA.181 IA.191 IA.20I) . Let T be a tilting which 
contains every T{X) at least once as its direct summand (such T is called a full 
tiltingj. Then the category C'^ of all finite dimensional left EndcfiT)-modules 
(which in fact does not depend, up to equivalence, on a choice ofT), called 
the Ringel dual of C, is again a highest weight category with standard objects 
A^(A) = Home(A(A),T) and the weight poset A°p, the opposite poset of A. 
Moreover, the contravariant functor F : C ^ C'^ given by FM = Home(Af, T) 
restricts to a contravariant equivalence between and and gives an 

isomorphism N) = Extev (FA, FM) for any M,N G and any 

i > 0. 


3 KP modules and highest weight categories 

In this section we introduce certain highest weight categories whose standard 
modules are KP modules, using the results from [12]. As we noted in the 
introduction, the ordering of the weights used here is different from the usual 
root order on the weight lattices. 
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Let us introduce two ordering relations on Z"q as follows. For A = code(w) 
and /r = code(r!) (A,/r G ZyQ,w,v G with £{w) = £{v), we define A < 

> v~^ and X <' fj, w~^ > v~^ (if £{w) ^ £(v) we define A 

lex rlex 

and fx to be incomparable). Here for two permutations x and y, x > y (resp. 

lex 

X > y) if there exists an i such that x{j) = y{j) for any j < i (resp. j > i) 

rlex 

and x(i) > y{i). We write A -< ^ if both X < y and X <' y. hold. For general 
X,yG Z", take A: G Z so that A + kl,y + fcl G Z>q, and write X < y (resp. 
A A ^ iff A + fcl < /r + fcl (resp. X + kl <' y + fcl, A + A:1 ^ ^ + fcl). 
This definition does not depend on k. As we have shown in |121 Lemma 6.2], 
X < y if and only if p — X <' p — y. 

It can be seen that A„ is an order ideal of Z" with respect to -<, using m 
Lemma 6.2] and the argument in the proof of |121 Lemma 6.3]. 

Theorem 3.1. Let A C Z" be a finite order ideal with respect to the ordering -<. 
LetCx he the category of all weight b-modules whose weights are in A (note that 
this notation agrees with the notation in the theory of highest weight categories, 
since the simple objects in the category of weight b-modules are just the one¬ 
dimensional modules K^). Then Ca is a highest weight category with weight 
poset (A, and standard objects {5a : A G A}. In particular, Cn := Ca„ is a 
highest weight category. 

Proof. In Proposition 6.4] we showed that if A,/r G Z" and (5 ^)a ^ 0 then 
X y (more precisely, X < y follows from (1) in the proof of [121 Proposition 
6.4], and X <' y follows from (2) in the same proof and [12 Lemma 6.2]). If 
Hom(5A, 5^) ^ 0, then {S^)x 0 must hold since S\ is generated by an element 

of weight A, and thus X y. This verifies (1) in the definition of highest weight 
category. (2) also follows since (5a)a = Ku\. 

Let us verify (3). Let the elements of A be indexed as A^,..., A^ so that 
A* ^ X^ implies i < j. Then {A^,..., A*} is an order ideal. Let A = A^ G A. 
Let P\ be the projective cover of K\ in the category of all weight b-modules, so 
Px9^Uib)/{h-{X,h))het,- 

Let P* denote the largest quotient of Px such that all of its weights are in 
(A^,..., A*}. Note that P* is the projective cover of Kx in C|ai,...,aH i> k. 
In particular, P^ is the projective cover of Kx in Ca, and P^ = Sx as we showed 
in [12 Proposition 6.4]. The same argument as in the proof of [12 Lemma 7.1] 
shows that the kernel Ker(P* ^ P®“^) of the natural surjection is isomorphic 
to a direct sum of some copies of Sxt. Thus 

0 C Ker(P' ^ P'-i) C Ker(P' ^ P'-^) c • ■ • C Ker(P' ^ P'^) C P' 

is a KP filtration, and the last successive quotient is isomorphic to P^ = 5 a. 
This shows (3). □ 

From [12 Proposition 6.4] (and [12 Lemma 6.2]) we see that the costandard 
modules in Ca are {5*_;^ 0 ATp : A G A}. 

Remark 3.2. It is easy to see that the projective cover of Kx in Ca (A G 
A C Z") is given by the largest quotient (Pa)^ of Pa each of whose simple 
constituents are L{y) {y G A). Thus from the theorem above we see that 
5 a = (Pa)^ for any order ideal A C (Z", ^) containing A as one of its maximal 
elements. 
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Let A C (Z", be an order ideal and A G A be one of its maximal element 
as above. If a weight b-module M is generated by an element of weight A then 
M is a quotient of P\. So if in addition M € Ca then it follows that M is in 
fact a quotient of S\. 

4 Ringel dual of 

In this section we show the following: 

Theorem 4.1. The Ringel dual of the highest weight category Cn is equivalent 
to Cn itself. The functor F in Proposition \2.11\ acts on the standard modules hy 

Pilin') - ^WqWWq- 

From this theorem in particular we obtain the following symmetry relation 
for the Horn and Ext groups between KP modules: 

Corollary 4.2. Extc„ (*S™, ) = Fxtc^{Sn,ovwo, Swowwo) for any w,v G Sn and 

any i > 0. □ 

Remark 4.3. Since A„ is an order ideal in (Z", ^), by the same argument as 
in [T^l Lemma 7.1] it holds that Extc„(M, A^) = Ext*(M, A^) (Ext group in the 
category of all weight b-modules) for any M,N G C„. Hence Corollary 14.21 in 
fact shows Ext («S^,<S^) = Ext ^tSyjQyyjQy<SnjQWWQ)' 

Remark 4.4. By Theorem 14.11 we have a functor defined as the composition 

F F 

of Cn ^ Cn ^ Cn +1 —>■ Cn+i- By the theorem we see that this functor acts 
on the standard modules by S^j >—S' <Sixu;) where 1 x w G 5'„+i is defined by 
(1 X r(;)(l) = 1, (1 X w){i + 1) = w(*) + 1 (1 < i < n). By the corollary and the 
remark above we see that the Ext groups between KP modules are stable under 
shifting, i.e. Ext®(6u,, ©„) = Ext*(6ixt«, ©ix^)- 

Let us move to the proof of Theorem 14.II First we prepare some definitions 
and results. For A = code(ir) G A„ define A = code(r(;o'u:wo)- Note that 
by definition, for A,^ G A„, X < fi iS X >' JI. For each A G A„, dehne 

TW = {g)i<,<„-i k-t 

As we showed in the proof of m Lemma 4.2], T(A) has a filtration whose 
subquotients are of the form (/r G A„, /r ^ A). Since p — X = p — X we have 
T(A) = T{p — A)* 0 Kp, and thus T(A) also has a filtration whose subquotients 
are of the form S*_^^Kp (y G A„, v < A). Thus by ProDOsition l2.8l we see that 
Ext^(5^,T(A)) = 0 for all p. G A„. Thus T{X) is a tilting in C„. 

Since the weights of Sp are all ^ p m Proposition 6.4]), the weights of T{X) 
are all ^ A and the weight space T{X)\ is one-dimensional. By these properties 
we see that T(A) contains the indecomposable tilting module corresponding to 
A (in fact, we will see that T{X) is an indecomposable tilting). So if we define 
T = 0;,,gA„ PW — © • • • © AT^), then T is a full tilting. 

By Proposition l2.91 if M has a standard filtration, then Ker(M- ^ ^ 
is isomorphic to a direct sum of copies of S\, where M- ^ and ^ are the 
largest quotients of M whose weights are all <' A and <' A respectively. In 
this case we see, by the same argument as in the proof of [H Theorem 8.1] 
(using the ordering <’ instead of <), that the isomorphism can be written as 
S\ © (M- ^)a 9 xu\ ® V ^ XV £ Ker(M- ^ -» ^), where on the left-hand 

side b acts only on S\. 
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Proof of Theorem EH Let C — Cn- Throughout this proof and thereafter we 
write Horn, End and Ext* for Home, Endc and Ext^ respectively. 

Let b' = 0j<j Ke'^j be a copy of b. We define an action of b' on T which 
commutes with the action of b as follows. Take a basis {uij ■ i,j > l,i+ j < n} 
of K'^~^ © • • • © so that the action of b is given by OpqUij = SqiUpj. Then we 
dehne the action of b' on © • • • © by e'p^Uij = SqjUip, and define the 

action on T as the one induced from this action. In other words, if —' : T —> T 
is the involution given by uT = Uji, then eL = —' o aj o . Since the actions 
of b and b' commute, we have an algebra homomorphism U{b) = U{b') 
Endt,(T), and thus an Endi,(T)-module can be naturally seen as a Z/f(b)-module 
(beware that, as we have remarked before, we will simply write End(T) to 
mean Endb(T) = Endc(T) hereafter). If M is an End(T)-module, then its 
weight-space decomposition as a W(b)-module is given by M = 0AeA ~ 
®AeA„ ttaM, where tta € End(T) is the projection T = 0^gA„ T{X)- 

in particular the weights of M are all in An- So we have a functor = 
End(r)-mod C. We want to show that this functor is an equivalence and the 


composition C 


F=Hom(-,T) 


C'^ ^ C sends S^, to 


First we show the second claim. By definition, is isomorphic to the b- 
submodule of T generated by Ai<j,w(i)>w{j) Ui,n+i-j', hereafter we identify 
with this element. Note that u'^ = Au^jawwo- We have an injective homo¬ 
morphism ->• Hom(5u,,T) given by xu^owwo (u x'v) {x € U{b))-. 

it is well-defined since xu^owwo = 0 implies x'yuw = y(xUwowwo)' = 0 for 
any y G K{b), and it is injective because v i—>• x'v maps Uw = to 

±{xUwowwoY- Since T has a costandard filtration, by Proposition 12.81 the di¬ 
mension of Hom(4Su,, T) is equal to the number of times the costandard module 
^WQW '8> Kp appears in (any) costandard hltration of T. Since T = T* ® Kp, 
this number is equal to the number of times S^gw appears in (any) standard 
filtration of T. From Cauchy identity we see that ch(T) = + 1)"~* = 

and thus we see that dimHom(5u,,T) = 6u,ou,u,o(l) = 


dim S,, 


So the injection above is in fact an isomorphism and this shows 


the second claim. 

Now let us show that the functor —>■ C given above is an equivalence. 
First we note the following thing. Define an algebra A = U{b)/I, where I is 
the two-sided ideal generated by all elements in U{\)) = S'(t)) = K\f]*\ which 
vanish on A„ (here A„ C Z” is identified with a subset of ()* via the pairing 
(A, h) = introduced before). Then the objects in C, i.e. weight b- 

modules with weights in A„, are just the finite dimensional A-modules (note 
that A-modules automatically have weight decompositions since any element 
p\ G K\f)*] such that p\{y) = S\p (V/r G A„) acts as a projection onto the 
A-weight space). Thus it suffices to show that the map 


If : A 9 a I—^ (b'-action of a on T) G End(T) 


is an isomorphism. We note here that A has an algebra anti-automorphism c 
defined by t(h) = (p, h) —h {h Gb)) and t(eij) = —eij (1 < f j < n). For each 
X G An take p\ G A ns above. Note that l{p\) = Pp-\. 

Let 0 < d < ( 2 ) • It suffices to show that p induces an isomorphism between 

:= EAi+-+A„=d^PAA and End(T)d := End(A‘^(A'”“^ © • • • © AT^)), since as 
algebras A = 0^ Ad (this follows easily from hpx = p\h and etjpx = px-a^^Cij) 
and End(T) = 0^End(T)£;. So let us fix such d hereafter in this proof. Let 


the elements of {A G A„ : = d} be A^^^ > A^^^ > ••• > A^’'^. Note 

A(i) <' A(^) <' ■■■ <’ A(’'). Define Ik = Apf^A. Also define Jk = 

Hom(T- , T) C End(T) where T- is the largest quotient of T whose 
weights are all <’ Af^A In other words, Jk consists of all morphisms in End(T) 
which vanishes on the weight spaces (/r A(^)). Define /q = 0 and Jq = 0. 

Note that Iq C ■ ■ ■ C Ir = Ad and Jq C ■ ■ ■ C Jr = End(T)d. It suffices to show 

that p{Ik) C Jk and that (p induces an isomorphism Ik/Ik-i Jk/Jk-i for all 
1 < fc < r. 

Fix 1 < fc < r. Let A = A^^A The first claim ^{Ik) C Jk follows since for 
J > A, acts on T as the projection onto T{jl), and every weight v of T(ji) 
satisfies <'/I <'A. Let us now show that the induced map Ju/Jk-i 
is an isomorphism. We show that Ik/Ik-i and Jk/Jk-i are both isomorphic to 
S\'S)Sp-\ as vector spaces and that the composition of isomorphisms Ik/Ik-i — 
S\ 0 Sp-\ = Jk/Jk-i coincides with the map induced from ip. 

We first show that Ik/h-i — >5a ® Sp-x. First note that A is a projective 
object in C = A-mod. Since projective objects in C have standard filtrations, A 
has a standard filtration. 

By definition, A/Ik = A^'^ and A//fe_i = A-'*', and thus= Ker(A-'’' 
A<^). By Proposition [211] this is a direct sum of m copies of Sx, where m is the 
number of times 5 a appears in a standard filtration of A. This number m can be 
calculated, by Proposition [ZSl as dim Hom(A, (8) ATp) = dim(5*_;,, ® ATp) = 

dim5p_A. Thus Sx <8) 5p_A and Ik/Ik-i have the same dimensions. We claim 
that the map Sx <8) Sp-x ^ xux (8 yup-x xpxkiy) = L.{yL{xpx)) G h/h-i 
is well-defined. To see this, first observe that the weights of Ik/Ik-i (resp. 
k{Ik/Ik-i) are all < A (resp. <' p — A). Thus the submodule of Ik/h-i (resp. 
i{Ik/Ik-i)) generated by pxk(y) (resp. b{xpx)) is a quotient of 5 a (resp. 5 p_a) 
by Remark |3.21 and thus xux = 0 (resp. yUp-x = 0) implies xpxi{y) = 0 (resp. 
yi{xpx) = 0). This verifies the well-definedness of the map above. It is clear 
that the map above is a surjection. By the equality of dimensions this is in fact 
an isomorphism. 

Next we show Jk/Jk-i — 5a (8 Sp-x- Since T< has a standard filtration 
by Proposition 12.91 Ext^(T< ^,T) vanishes. So Jk/Jk-i — IIom(Ker(r- ^ 
T< -'j, T) via the restriction map. The right-hand side is isomorphic to Hom(5yi8 
(T- ^)y, T) = ((T- ^)y)* 8 Hom(5y, T) by the remark before the proof. As we 
have seen above, Hom(5y, T) = Sx- On the other hand, since T = T* 8 Kp, 
((y<8)_)* ^ {T<p)p where p = p — \ and T<p denotes the largest sub- 
module of T whose weights are < p. Since Sp = (Pp)-^ we have {T<p)p = 
Hom(Pp, T<p) ^ Hom(5p,T<p) ^ Hom(5p, T)^Sp= Sp-x- 

Now we show that the composition of these isomorphisms coincides with 
the map induced from p, up to a sign depending only on A. Chasing the iso¬ 
morphisms we see that it suffices to show p{xpxy)(T) = {i[y)'Up_-^,T)x'uj^, 
up to a sign depending only on A, for all r G Ty and all x^y G A, where 

(—, —) is a natural bilinear form on T defined by T 8 T T = /\*(Ar”“^ © 

• • • © AT^) /\(2)(Ar"“^ © • • • © K^) = K. Note that from the definition we 
see that {u,x'v) = {i{x)'u,v) holds for any u,v € T and x € A. First we 
have p{xpxy)(T) = x'p'yjj'r- Here p'xP't G T(X)j so it must be a constant 
multiple of uy. Using the pairing defined above we see that this is equal to 
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±{p\y'T, Up_j)uj with the sign depending only on A, since uj A Up_j = ^Uwo- 
Since {p'xy'T,Up_j) = {t, L{yYp'p_^Up_j) = (r, we are done. 

□ 

Remark 4.5. By the isomorphism End(T) = A above we have End(T(A)) = 
p\Ap\. But it can be seen, using p\h = hp\ (h G 1)) and pxetj = eijpx-onj , that 
p\Ap\ = K. So we see that T(A) is in fact an indecomposable tilting. 

Remark 4.6. The full tilting module T introduced above has a relation with 
double Schubert functor introduced by Sam m)- Since the actions of b and 
b' commute, the direct sum b © b', which is isomorphic to the even part of 
the Lie superalgebra b(n|n) (notation as in [H]), naturally acts on T. Then 
it is possible to define an action of the odd part of b(n|n) on T so that T is 
isomorphic to the double Schubert functor image ^wo{V*) defined there. 

5 Compatibility of Ringel duality with tensor 
product 

In this section we show that the tensor product operation and the Ringel duality 
functor F — Hom(—,T) (T = © • • • © K^) as above) are in some sense 

compatible with each other. To be precise, we show the following: 

Theorem 5.1. Let M,N € Cn have standard filtrations. Then = 

[FM ® FN)-^”-, where for a weight b-module L, G C„ denotes the largest 
guotient of L which is in Cn ■ 

Let C+ be the category of all finite dimensional weight b-modules whose 
weights are in Z"q. Note that if M,N G C+ then M ® N G C+. Using the 
terminology from highest weight categories we say that M G C+ has a standard 
filtration if M has a filtration whose successive quotients are of the form S\ 
(A G Z"p). Note that, as we showed in [T3], if M,iV G C+ have standard 
filtrations then M ® N also has a standard filtration. 

Remark 5.2. If L G C+ has a standard filtration, then as we show below, 
ch(L^"') = ch(L) holds in the ring iL„. So, together with Theorem 14.11 this 
theorem can be seen as a module theoretic counterpart of Proposition 12.11 i.e. 
the claim that i —&wowwo is a ring automorphism on 

First we prepare some lemmas. 

Lemma 5.3. Let l : Fin Hn be the ring automorphism in Provosition \2. 1\ If 
M G C+ has a standard filtration, then ch{FM) = i(ch(M)) in Hn- 

Proof. Since the extensions of KP modules with T vanish, if we have an exact 
sequence O^L^M^N^O with L, M, N gC+ having standard filtrations, 
then 0 ^ FN ^ FM —>-0is exact. Thus we only have to show the 
lemma for M = {w G S^^). 

The case w G Sn follows from Theorem 14.II If w G \ Sn then we have 
FSw = Hom(iSu,, T) = 0 since Sy, is generated by an element of weight code(w) 
while the weight space T'code(u)) is zero. Thus the lemma follows for this case 
since &yj = 0 in Hn- □ 
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Lemma 5.4. Let M G C+ have a standard filtration. Then ch(M^’*) = ch(M) 
as elements of Hn- If M € Cn is a quotient of M and ch(M) = ch(M) in Hn, 
then M ^ . 

Proof. By ProDOsition l2.9l Ker(M -» has a filtration whose subquotients 

are of the form (v G S^\Sn)- Thusch(M) = ch(M^")+(a linear combination of ©i, {v G \ Sn)), 

and the second term vanishes in Hn by Proposition 12.31 The second claim fol¬ 
lows from the first claim since ®AeA„ ^ 

Lemma 5.5. Let M, N € C+ have standard filtrations. Suppose that the mor¬ 
phism FM ® FN —>■ F{M <Si N) given by ip ® ip (m < 8 ) n i—t A 'pin)) is 

surjective. Then it induces an isomorphism {FM ® = F{M ( 8 ) N) (= 

F{{M ® N)^^)). 

Proof. We have, as vector spaces, F{M®N) = Hom(M( 8 )A^, T) = 0;^gA„ Hom(M (8 
N,T{X)). It can be seen that Hom(M ( 8 ) N,T{X)) is the A-weight space of the 
b-module F{M 81 N). Thus F{M ( 8 > N) G By Lemma [5.31 we have, in Hn, 
ch(F(M ® N)) = i(ch(M)ch(fV)) = t(ch(M))i(ch(A^)) = ch.{FM ® FN). Thus 
the claim follows from the second statement in Lemma 15.41 □ 

For M,N G C+ having standard filtrations, let V{M,N) be the claim that 
the map FM®FN F{M®N) above is surjective (and thus {FM= 

F{{M ® N)^^)). 

Lemma 5.6. Let L, M, N., X G C+ have standard filtrations. Then the following 
implications hold: 

(1) If L is a direct sum component of M then 'P{M,X) implies V{L,X). 

(2) Suppose that there exists an exact sequence O^L^M^N^O. Then 
V{L,X) AV{N,X) V{M,X) andV{M,X) V{L,X) hold (in 
fact 'P{M,X) also implies 'P{N,X), but we do not need it here). 

(3) V{L,M) andV{L®XI,N) implies V{L, M ® N). 

Proof. (1) is clear since F preserves direct sums. 

(2) We have a commutative diagram 

0 -^ FN®FX -^ FM®FX -^ FL®FX -0 

0 -^ F{N®X) -^ F{M®X) -^ F{L®X) -0. 

Here the rows are exact since Ext^ {N, T) and Ext^ {N®X, T) vanish. This 
shows V{L,X) AT {N,X) V{M,X) &ndV{M,X) V{L,X). 

(3) This holds since 

FL® FM ® FN -s> F{L® M) ® FN 


FL®F{M®N) -s> F{L®M®N) 

commutes. 

□ 
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Lemma 5.7. Let M G C+ have a standard filtration. Let A € A„. Let V C 
Hom(M, T) be the submodule consisting of all homomorphisms which vanish on 
the fi-weight spaces for any fj, > X (it is a submodule since the action of b' on T 
preserves weights with respeet to t) C b). Then Hom(M, T)/V = Hom(M, T)^ ^, 
the largest guotient o/Hom(M, T) whose weights are all <' A (recall that for 
A = code('u;) G A„ we defined A = code{wowwo)). 


Proof. It suffices to show that the characters of both sides coincide. 

First note that V = }lom{M^^,T) where is the largest quotient of 

M whose weights are all A. From Proposition 12.91 we see that has a 

standard filtration and, if ch(M) = then the number of times 5^ 

appears in a standard filtration of is if /r A and 0 otherwise. Thus 
we see from Theorem 14.II that ch(F) = ch(Hom(M^'^,T)) = X^teA„ 

We also see from Theorem 14 .1 1 that Hom(M, T) has a a standard filtration with 
appearing cp times for each /i G A„. Thus ch(Hom(M, T)) = X/jgA„ 

So ch(Hom(M,T)/F) = E^«eA„.M>A 

On the other hand, since Hom(M, T) has a standard filtration, by Proposi- 

tionHHwe see ch(Hom(M, r)<'^) = E^eA„.^<'I= E^ea^.tk'a = 
X/iGA„ /i>A C/i© 7 t = ch(Hom(M, T)/F). This shows the claim. □ 

Recall from the proof of Theorem 14.11 that T has an action of b', a copy of b, 
defined by e'^^Upq = SjqUpi, which commutes with the usual action of b. Recall 
also that we have identified with A(i j)gj(,u) '^i.j £ ^ where J{w) = {{i,j) ■ 
i < j,w{i) > w{j)}. 

We write w = wqwwq (w G Sn) and k = n + 1 — k (l<fc<n). For w G Sn 
and p < q let mpq{w) = ff{r > q : w{p) < w(r) < w{q)}. This number is 
precisely the number of 1 < r < n such that {q,r) G J(w) while {p,r) ^ J{w). 
So in particular, if {q,r) G J^w) then e^q’”’^'"'^Uw = (const.) • (upr A •■•) (it 
does not matter whether (p, r) G J{w) or not) and thus Upr A = 0. 

Similarly, if (r,p) G J{w) then Ur,q A (e^p)'"«’p(“’Xu, = 0. 

Lemma 5.8. Let w G Sn and 1 < i < n —1. For 1 < p,p' < i and i + 1 < g, g' < 
n such that£{wtpq) = £{wtpiqi) = i{w)-\-l, A 0 

then w{p) < w{p') and w{q) < w{q'). Moreover, Aup^q 

is a nonzero multiple of ■ 

Proof. First we note that the operations and (— A u^^) on T all 

commute with each other. We have the following observations. 


(1) If p < p' and w{p) > w{p') then (p,p') G J{w). Thus in this case 


<1 ,p' 


Kpq 


A 77 = 0 since (eL -.) r 
p,q q',p ' 


m— —{w) 


A«p,7 = 0. 


(2) If g < g' and w{q) > w{q') then (g, g') G J(w). Thus in this case 


q ,p ' 


■m-n-riw) mpg{w) 


A /A • ^ ^ 

A Up-^ — U Since Cp 






(3) If w{p) > w{q') then (p, g') G J{w) (note that p < q' holds automatically). 
Thus in this case (eL—Au„-7 = 0 since Uw Au.^-t = 0. 

Assume Au^^ ^ 0. First we see that w{p) < w{q') 

by (3) above. If w(p') < w{p) < w{q') then by £{wtpiqi) = £{w) + 1 we have 
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p < p', but then it contradicts to (1) above. Thus w{p) < w{p'). By a similar 
argument (using (2) instead of (1)) we see w{q) < w{q'). This shows the first 
claim. 

It can be seen that J{wtpq) = J{w) U ({p} x X) \ ({g} x X) U (T x {g}) \ 
{Y X {p}) U {{p,q)} where X = {r : q < r,w{p) < w{r) < w{q)} and Y = {r : 
r < p,w{p) < w{r) < w{q)} = {r :r > p,w{'q) < w{r) < w{p)}. This shows the 
second claim. □ 

Proof of Theorem \5.1[ First we show that holds for any w € Sn and 

any 1 < z < n — 1 . 

Recall that the isomorphism Sw Hom(5uj,r) was given by xuw i—>■ (z; i—>■ 
x'v). Thus we want to show that the map (p : Sw 0 RT"”® —)• F{Sw ^ R'®) given 
by yuw ® Mg I—>■ {xUw ® ztp i—>■ xy'uw A Upq) is a surjection. 

Let (pi, gi),..., (pr, qr) be all the pairs (p, q) such that l<p<i<q<n 
and £{wtpq) = £{w) + 1 , ordered by the lexicographic order of {w{p),w{q)). 
Let = wtp^qi^. Then code(zi;^) < ••• < code(z(;’') and code(?n^) >' ••• >' 
code(z(A). 

For anx € Sn and 1 < p < <? < n+1 such that i(xtpq) = £{x) + l, let Vpq{x) = 
® Up & Sx ® R'" (note that this definition is also valid for g = n + 1 
since mpq{x) = 0 in such case). Note that Vpqfx) has weight code(a::<pq). As we 
showed in [T31 Lemma 3.3], {vpq{x) \l<p<i<q<n + \,£(xtpq) = £{x) + 1} 
generates Sx 0 A'® as a b-module. 

For 0 < fc < r, let Uk be the submodule of Sw ® generated by Vp^^qi{w) 
{I > k) together with Vj^n+i{w) (1 < j < i,£{wtj^n+i) = + !)• Note 

that Uo = Sw® AT®. From the result of [131 §3] we see that Uk-i/Uk = In 
particular the weights of Uk-i/Uk is all < code('u;^), and since code(w^) < • ■ • < 
code{w'^) we see that the weights of {Sw®K'‘)/Uk are all < code('u;^). Moreover, 
Ur has a filtration by modules thus ch(Ur) = 0 in H„. Therefore 

(Sw ® K^)/Ur = {Sw ® by Lemma [AH (note that {S^ ® K^)/Ur G C„ 

since ,..., G Ojif 

Let 14 (fc = I,..., r) be the submodule of F{Su! ® AT®) = Hom(5u, ® A'®, T) 
consisting of the homomorphisms which vanish on the p-weight spaces for any 
p > codeiw'^). By Lemma O A(5^ 0 Ar®)/14 = A(5„ 0 K^)<'code(£P) < 
k < r). We see 14 = F{Sw 0 A"®) since by the argument above the weights of 
(<Su, (g) RT®)^" are all < code(ri;®’). We also set Vq = 0. 

Note that the constituents in a standard filtration of F{Sw®K^) are 5';^,..., 
by Theorem 14.11 In particular, the only constituent Sx with code{w^~^) >' 
code(a;) >' code{w^) is 5^. Thus VkIVk-i = Ker(F(iSu, 0 Ar®)< code(u)'=-i) 
F{Sru 0 Ar®)< code(tu'=)^ ^ Proposition 12.91 In particular any nonzero 

element of weight code(w^) in VkIVk-i generates Vk/Vk-i- 

We show ip{v^^pj:{W)) G 14 \ 14-1 for each k. Note that the desired surjec¬ 
tivity of (p follows from this claim since it shows that p{v^;p^(w)) + t 4 _i is a 
cyclic generator of I4/I4_i, i.e. U{b){p{vq^^p^{w)) + I4-i) = 14. 

Fori < k,l < r wehave p{vq^,p^^)){vp,,q,{w)) = 

Upi^q^. By Lemma lEHl if Pivq^,wi'^))i'^pi,<iiM) 0 f^en w{pi) < w{pk) and 
w{qi) < w{qk) and thus in particular I < k. Thus p{vqp,ppiui)) induces a map 
{Sw 0 K^)/Uk —S' T (note that the elements Vj^n+i{w) obviously vanish un¬ 
der p{v^^^{w)) since T does not have the corresponding weights). Since the 
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weights of {Sw 0 K^)/Uk are all < code(w*^), this shows ip{v^^pj^{w)) G Vk- 
Moreover i^(w^,p^(w))(t'p^,gj,(r/;)) 7 ^ 0 by Lemma [5.81 and since Vp^^q^{w) has 
weight code(ri;^) this shows (p{v^^pj:{w)) ^ Vk-i- Therefore we checked the 
claim and thus V{Syj,Ssi) follows. 

Now we can proceed to the general case. From (2) of Lemma 15.61 we see 
that V{M,Ssi) holds for any M having a standard filtration. Since if M has a 
standard filtration then M also has a standard filtration, (3) of Lemma 
shows that V{M, Ss^ ® Ss^ < 8 ) • • •) holds for any i,j,... and any M. Then from 
(1) of Lemma [5.61 we see that V{M,T{X)) holds for any A and any M, since 
T(A) is a direct sum component of Thus again from (2) 

of Lemma lOl we get 'P(M, 5 a), since as we showed in [13] there is an injection 
5 a ^ T{X) such that its cokernel admits a standard filtration. Thus V{M,N) 
for general M, N follows by (2) of Lemma [5.61 □ 

Remark 5.9. As we saw, (M, N) 1 —>■ (M (g) is a very fundamental oper¬ 

ation in the category this in fact defines a structure of symmetric tensor 
category on C^. Experimental results suggest an interesting conjecture relating 
this “restricted tensor product” operation and our full tilting module T: the 
dimension of seems to be {k + ) for any k. Also there is a finer 

form of this conjecture: the dimension of the degree-d piece (with respect to the 
grading induced from the natural grading on T = A*(‘ ’')) of seems 

to be 

It can be shown that the latter version of the conjecture implies that Hom(T®*^, T) 
also has a dimension (fc+l)^^), Note that this is true for k = 1 since ch(End(T)) = 
i(ch(T)) = J2veSr^ and thus dim(End(r)) = 6,;(1)6 u.o«{1) = 

= E„gS„ 6«(1)6™o( 1) = 2^^^ by Cauchy formula. 

A Appendix: highest weight categories 

In this appendix we summarize and give proofs for results on highest weight 
categories used in this paper. Some of them appear in references such as [5], 
m and |2| Appendix], but we also give proofs for them here to adapt to our 
settings because the formulations of highest weight categories and these prop¬ 
erties vary with references. Our treatment of tilting objects and Ringel duality 
mostly follows [31 Appendix], with some minor changes and improvements on 
the arguments. 

In the following let C denote a highest weight category (Definition 12.7L 
A be its weight poset, and L{X), P{X),Q{X) and A(A) stand for the simple, 
projective, injective and standard objects respectively. Also, let V(A) denote 
the costandard objects, i.e. V(A) is the injective hull of L{X) in C<\. We denote 
the head and socle of an object M G C by hd M and soc M respectively. 

For an order ideal A' C A we denote by Ca' the full subcategory of C consist¬ 
ing of the objects such that its simple constituents are L{X) (A G A'). We denote 
C<A etc. to mean C{^:^<a} etc. For M G C let be the largest quotient of 
M which is in Ca', and write M-^ etc. to mean etc. 

Remark A.l. Ker(M ^ ) does not have any L{X) (A G A') as its quotient: 

if Ker(M ^ )/N = L{X) is such a quotient, then M/N would be a quotient 
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of M, its simple constituents are L{v) {v G A'), and it is strictly larger than 
: these contradict to the definition of . 

For an M G C and A S A let (M : L(X)) denote the number of times 
L(A) appears in the simple constituents of M. It can be easily seen that 
dimHom(P(A), M) = (M : L(A)) dimHom(P(A), L(A)). 

A.l Basic Facts 

Proposition A. 2 . There is a surjection A(A) —»■ L{X) sueh that the simple 
eonstituents of the kernel are of the form L{p,) (p, < X). 

Proof. First we show that (A(A) : L{p)) 0 implies p < X. Assume (A(A) : 

L{p)) 7 ^ 0. This means Hom(P(/r), A(A)) 7 ^ 0. Since P{p) has a hltration by 
A(j^) { 1 / > p) it follows that Hom(A(:/), A(A)) 7 ^ 0 for some v > p. Thus 
p < v < X. 

Next we see (A(A) : L(X)) = 1. Since Ker(P(A) ^ A(A)) has a filtra¬ 
tion by A(j^) ( 1 / > A) we see that Hom(Ker(P(A) ^ A(A)),A(A)) = 0. Thus 
we have an exact sequence 0 ^ Hom(A(A), A(A)) ^ Hom(P(A), A(A)) ^ 
Hom(Ker(P(A) ^ A(A)), A(A)) = 0 and thus Hom(P(A), A(A)) = End(A(A)) = 

K. Therefore (A(A) : L{X)) = 1. 

Finally we show that L(A) is a quotient of A(A). Since (A(A) : L{X)) = 1, 
there exists an A C A(A) and a surjection f : N ^ L{X). By the projec- 
tivity of P(A), the surjection tt : P(A) ^ L(X) factors as tt = fg for some 
g : P(A) N. The composition P(A) -G N ^ A(A) is nonzero and thus must 
be a nonzero multiple of the surjection P(A) -» A(A) since as we saw above 
Hom(P(A), A(A)) = K. But the image of the composition map above is A, so 
we get A = A(A). Thus the claim follows. □ 

By the proposition above A(A) G Ca' for any order ideal A' containing A. 

Also from the proof we see Hom(P(A), P(A)) = K. 

Proposition A.3. Hom(A(A), L{p)) = 0 for p X and Hom(A(A), L(X)) = K. 

Thus in particular hd A(A) = L{X). 

Proof. This can be easily seen from the exact sequence 0 —Hom(A(A), L{p)) -G 
Hom(P(A), L{p)) since the last term is 0 for /r 7 ^ A and A for ^ = A. □ 

A.2 Projectivities of Standard objects 

Proposition A.4. Ext^(A(A), P(p)) 7 ^ 0 implies X < p. So A(A) is projective 
in Ca' for any order ideal A' which contains X as a maximal element. 

Because the simple constituents of A(^) are L(y) (y < p) we get as a corol¬ 
lary: 

Corollary A.5. Ext^(A(A), A(^)) 7 ^ 0 implies X < p. □ 

Proof of the Proposition ] A. 4\ Assume Ext^(A(A), P(/i)) 7 ^ 0. Let M = Ker(P(A) ^ 
A(A)), so M has a filtration by A(i/) {u > X). By the exact sequence Hom(M, L{p)) -G 
Ext^(A(A), P(^)) —>■ Ext^(P(A), P(/r)) = 0 we see that Hom(M, L(^)) 7 ^ 0 . This 
implies that Hom(A(i/), L{p)) 7 ^ 0 for some v > X. So /r = ^ > A by Proposition 

[Q] □ 
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Since hd A(A) = L(A) by Proposition IA.3I we get: 

Proposition A.6. Let A' G A be an order ideal and let X G A' be a maximal 
element. Then A(A) ^ L{X) is a projective cover in C\i (so A(A) = P{X)^ ). 

□ 

A.3 Horn and Ext between Standard and Costandard Ob¬ 
jects 

Proposition A.7. Ext*(A(A), V(^)) = K iff X = p, and i = 0, and otherwise 

0 . 

Proof. We have an exact sequence 0 —)• Honi(L(A), V(A)) —Hom(A(A), V(A)) —> 
Hom(Ker(A(A) -» L(A)), V(A)). Here the simple constituents of the kernel are 
L{v) iv < A), and Hom(L(z/), V(A)) = 0 for :/ < A since socV(A) = L(X). 
Thus the last term of the sequence above vanishes. Also, Hom(L(A), V(A)) = 
End(L(A)) = Hom(P(A), L(A)) = AT since socV(A) = L(A) andhdP(A) = L{X). 
Thus Hom(A(A), V(A)) K. 

We show the vanishings of the other extensions. 

• i = 0: Hom(A(A), V(/x)) ^ 0 implies that Hom(L(t/), V(/r)) ^ 0 for 
some v < X. But since socV(^) = L{p) this means that fx = v < 

X. Thus Hom(A(A), V(^)) ^ 0 implies < X. By the same argu¬ 
ment (using hdA(A) = L(A) instead of socV(/r) = L{p,)) we see that 
Hom(A(A), V(^)) ^ 0 also implies fi > X. Thus Hom(A(A), V(^)) ^ 0 
implies X = fi. 

• i = 1: Note that Ext^ = Ext^^, for any A' since Ca' is closed under 
extensions. If A < /i then A(A) e C<fj, and thus Ext^(A(A), V(^)) = 
Extg^^(A(A), V(^)) = 0 by the injectivity of V(/r) € C<^. Otherwise 
V(^) G and thus Ext^(A(A), V(/r)) = Extg^^(A(A), V(^)) = 0 by the 
projectivity of A(A) G C^\. 

• i > 2 : Follows from the exact sequence 0 = Ext*“^(P(A), V(/r)) —>• 
Exp-i(Ker(P(A) ^ A{X)),V{n)) -G ExP(A(A), X/{p)) -g ExP(P(A), V(/r)) 
0 and the downward induction on A. 


□ 

Since Hom(P(A), V(A)) = Hom(P(A)-'^, V(A)) = Hom(A(A), V(A)) = K we 
see that (V(A) : T(A)) = 1. 

A.4 Standard Filtration 

A standard (resp. costandard) filtration of an object is a filtration such that 
each of its successive quotients are standard (resp. costandard) objects. Let C‘^ 
denote the full subcategory of the objects having standard filtrations. 

Proposition A.8. For AI G C having a standard (resp. costandard) filtration, 
the number of times A(A) (resp. V(A)J appears in (any) standard (resp. costan¬ 
dard) filtration of AI is given &?/dimHom(M, V(A)) (resp. dim Hom(A(A), A/)/ 
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Proof. This is immediate from Proposition I A. 71 


□ 


Proposition A.9. Let A' G A be an order ideal and let X G A' be a maximal 
element. Then for M G C^, Ker(M^ —» ig a direet sum of eopies of 

A(A). 

Note that the proposition in particular implies that and Ker(M ^ ) 

are in for any order ideal A' C A. 

Proof. First note that the head of Ker(M^ -» is a direct sum of 

copies of L{X) by Remark rA.il Thus the projective cover, in Ca>, of this head 
is a direct sum of some copies of A(A). So it suffices to show that Ker(M^ -» 

^{^}) is also a projective cover of hdKer(MA -» A/A i.e. Ker(MA -» 

AfA is projective in Ca'. 

Let A/' = AfA', M" = A/A'^{^} and N = Ker(A/' ^ M”). We want 
to show that Ext^(A, L(/i)) vanish for all /i G A'. We have exact sequences 
Hom(A, V(/i)/L(/r)) ^ Ext^(A,L(^)) Ext^A, V(/r)), Ext^(A7', V(/r)) ^ 
Ext^(A, V(/r)) ^ Ext2(Af",V(/r)) andHom(Ker(Af ^ Ar'),V(Ai)) ^ Ext^(AT', V(/r)) 
Ext^(Af, V(^)). Here 

• Ext^(Af, V(/i)) vanishes by Proposition I A. 71 

• Ext^(Af", V(/r)) vanishes by Proposition I A. 71 since M" has a standard 
filtration by induction on |A'|. 

• Hom(A, V{if)/L{fT)) and Hom(Ker(Af ^ M'), V(/i)) vanishes by Remark 
[Q since the simple constituents of V{p)/L{p) (resp. V(^)) are L{v) 

{v < fj, (resp. n < p)). 

And thus Ext^(A, L{^)) = 0 as desired. □ 

Also from the above proof we get the following corollary: 

Corollary A.10. M gC has a standard filtration if and only i/Ext^(Ar, V(A)) = 

0 for all X G A. □ 

By Proposition lA.71 and Corollary lA. 101 we get the following: 

Corollary A.11. if 0 ^ L ^ M N 0 is an exact sequence in C and 
M, N G , then L G C^. 

Proof. By Proposition lA.71 we have Ext^(A7, V(A)) = 0 and Ext^(A, V(A)) = 0 
for any A € A. Thus by the exact sequence Ext^(M, V(A)) —>■ Ext^(L, V(A)) —>• 
Ext^(A, V(A)) we see Ext^(L, V(A)) = 0. Thus by Corollary lA.lOl we see L G 
C^. □ 

For an M having a standard filtration let (Af : A (A)) denote the number of 
times A (A) appears in a standard filtration of Af (which does not depend on a 
choice of filtration by Corollary lA.81) . 
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A.5 Tilting Objects 

Definition A.12. An object T G C is called a tilting or a tilting object if it has 
a standard filtration and Ext^(A(A),r) = 0 for all A G A. 

Note that if T is a tilting then so are its direct summands, because T G C is 
a tilting if and only if Ext^(T, V(A)) and Ext^(A(A),T) vanish for all A. 

Eor M G define suppM C A as the order ideal of A generated by all A 
such that (M : A(A)) 7 ^ 0. For an A C A let X° be the set of all non-maximal 
elements in X. 

Proposition A. 13. Let M G C^. Then there is a tilting T and an injection 
M ^ T such that suppT = suppM, T/M G and supp(T/M) C (suppM)°. 

Proof. For an M G define def M C A, the defect of M, to be the order ideal 
of A generated by {A G A : Ext^(A(A), M) ^ 0}. Note that M G is a tilting 
if and only if def M = 0. 

If def M = 0 then we are done. Assume def M ^ 0. We embed M into an 
M G with strictly smaller defect. 

Take a maximal element A G defM. Then Ext^(A(A),M) 7^ 0, and thus 
there exists a nonsplit exact sequence 0 —>■ M —>■ Mi A(A) 0. As¬ 
sume Ext^(A(^), Ml) 7^ 0 for some /r G A. Since there is an exact sequence 
Ext^(A(/i), M) —>■ Ext^(A(/i), Ml) Ext^(A(^), A(A)) it follows that either 
Ext^(A(/r), M) 7^ 0 or Ext^(A(/r), A(A)) 7^ 0. The first one implies fj. G defM, 
while the second one implies /r < A by Corollarv lA.51 The latter case implies fj, G 
def M and thus fi G def M in either case. This shows def Mi C def M. More¬ 
over we claim that dimExt^(A(A), Mi) < dimExt^(A(A), M). In fact, we have 
an exact sequence Hom(A(A),Mi) Hom(A(A), A(A)) —)► Ext^(A(A),M) ^ 
Ext^(A(A), Ml) ^ Ext^(A(A), A(A)) where the last term is zero by Corollary 
EH But here Hom(A(A), Mi) Hom(A(A), A(A)) is a zero map: otherwise we 
would have a morphism A(A) Mi such that the composition A(A) ^ Mi -» 
A(A) is nonzero and thus an isomorphism (since End(A(A)) = K), which con¬ 
tradicts to the assumption that Mi ^ A(A) is nonsplit. Thus we have an exact 
sequence 0 — )• End(A(A)) ^ Ext^(A(A),M) —> Ext^(A(A), Mi) — 0 and this 
shows the claim. 

Repeating the construction above we have an M G and M ^ M such 
that def M C def M \ {A}. Repeating again we get an embedding M ^ T into 
a tilting. It is clear from the construction that T/M G C^. 

We claim that supp(T/M) C (suppAf)°. By the construction it suffices to 
show that defM C (suppAf)°. Assume Ext^(A(A),M) 7 ^ 0 for some A. Then 
Ext^(A(A), A(^)) 7 ^ 0 for some fj, G suppM. Since A < ^ by Corollarv lA.51 this 
shows that A is a non-maximal element in suppM. This shows the claim. □ 

By the proposition there is an embedding A(A) ^ T such that T is a tilting, 
suppT = {/r : /i < A} and (T : A(A)) = 1. So there is an indecomposable 
summand T(A) of T such that {T{X) : A(A)) = 1. By Proposition IA.9I we see 
that there in fact is an embedding A(A) ^ T{X) such that T(A)/A(A) has a 
standard filtration. 

Note that A can be recovered from T{X) as the unique maximal element in 
suppr(A): in particular T(A) ^ T(/r) if A 7 ^ /r. 
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Proposition A. 14. Every tilting is a direct sum of the objects T{X). 

Proof. Let T 7 ^ 0 be a tilting. Take a maximal element A € supp T. We show 
that there is a split surjection T -» T(X): this inductively shows the claim. 

By the maximality of A we see (T : A(A)) 7 ^ 0. This implies, by Proposition 
I A. 91 and the maximality of A, that there is an injection A(A) ^ T with cokernel 
T/A(A) having a standard filtration. We name the morphisms A(A) ^ TW 
and A(A) ^ T as / and g respectively. 

We have exact sequences Hom(r, T(A)) —Hom(A(A), T(A)) —)• Ext^(T/A(A), T(A)) 
0 and Hom(r(A),r) ^ Hom(A(A),r) ^ Ext^(r(A)/A(A),T) = 0. Thus there 
are morphisms h : T ^ T{X) and k : T(A) —>■ T such that f = hg and g = kf. 

Then / = {hk)'^f for any n > 0, and thus hk € End(r(A)) is not nilpotent. 

Then by Eitting’s lemma hk is an isomorphism. Thus /i is a split surjection, as 
desired. □ 

Also, repeated use of Proposition lA. 131 shows the following: 

Proposition A.15. Any M G has a finite resolution 

Tr ^ 0 by tiltings. □ 

A.6 Ringel Duality 

Let us fix a tilting object T such that every indecomposable tilting occurs at 
least once as its direct summand (such an object is called a full tilting). Let 
be the category of all finite-dimensional left End(T)-modules. Let F = 
Hom(-,T) : C 

Note that, since Ext^(A,T) = 0 for A e C^, the functor F is exact on C^, 
that is, it maps an exact sequence O^L^M^N^O with L, M, N G 
to an exact sequence 0 ^ FN FM — 5 > FL —0. This observation implies 
a more general consequence: suppose that there is an exact sequence •••—>■ 

Ml -G Mq —)• 0 in bounded from right. Then Corollary lA.llI implies that 
Ker(Mi —)• Mq) G and thus we can work inductively to see that 0 —>■ FMq —>■ 

FMi is exact. 

Lemma A.16. For any M G C and any tilting T', the map Homc(M,T') —> 

Homcv (ET', EM) induced from F is an isomorphism. 

Proof. Eor T' = T it is clear. For a general case, it can be seen from the fact 
that T' appears as a direct summand of some T®™ (m 0). □ 

Proposition A.17. The indecomposable projectives in C'^ are given by FT{X) 

(X G A). 

Proof. Since End(r) is, as a left End(T)-module, a direct sum of the modules 
of the form FT{X) (A G A), it suffices to show that they are indeed indecom¬ 
posable. By the previous lemma End(Er(A)) = End(r(A)), and since T(A) is 
indecomposable End(T(A)) contains no idempotents. Thus FT{X) is indecom¬ 
posable. □ 

Proposition A.18. ForM,N G and any i > 0, ExP(M, A) ^ Ext*(EA, EM). 

For i = 0 this isomorphism is equal to the map induced from F, and for i = 1 
this isomorphism is equal to the map [O^A^A^A/—>-0]i-^[0—^-EM—^ 

FX ^ FN ^ 0\ where these exact sequences are seen as elements in certain 
Ext^ groups. 
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Proof. Take a finite tilting resolution 0— ^-iV^To of iV which 
exists by Proposition IA.15I Then 0 —)• FTr —5> • • • —)• FTq FN ^ 0 is a 
projective resolution since F is exact on and FTi are projective. By the 
same argument as in [H Theorem 2.7.6] we see (since Hom(—,Ti) are exact 
on C^) that Ext*(M, iV) is the i-th cohomology of the complex Hom(M,T,). 
On the other hand, FixP{FN,FM) is the i-th cohomology of llom{FT,, FM). 
By Lemma IA.16I the map induced from F gives an isomorphism between these 
two complexes and thus the hrst claim follows. The latter claim for i = 0 also 
follows from this argument. 

Recall the correspondence from extensions to Ext group ([TJ §A.5]): for a 
projective resolution ■ ■ ■ Pi ^ Pq ^ M ^ 0, there always exist f : Pi ^ N 
and g : Pq ^ X such that 


Pi -s- Pq - M -5- 0 

/ 9 

0 -> N -5- A -^ M -^ 0 

commutes, and then the element [0—Ext^(A/, A) 
is given by taking the class of / G Hom(Pi, A). Chasing the double-complex 
argument above we see that the correspondence can also be obtained by taking 
h : X ^ To and k : M ^ Ti such that 

0 -^ A -^ A -^ M -^ 0 

I 1" 

0 -s> A -s> To -)> Ti 


commute and taking the class of A: G Hom(M, Ti ). Applying F to the diagram 
above we get 


0 ^- FN e 

0 ^- FN e 


FX 4 

Fh 

FTo 4 


FM 4 

Fk 

FTi 


0 


with rows exact and FTo,FTi projective. Thus [0^-TM FX FN ^ 
0] G Ext^(TA, TM) is equal to the class of Fk G Hom(TTi,TM) and this 
shows the claim. □ 


Proposition A. 19. is a highest weight category with weight poset A°p, the 

opposite poset of A, and standard objects {TA(A)}. 

Proof. Since Hom(TA(A), TA(/r)) = Hom(A(p,), A(A)) the first two axioms are 
clear. 

We have an exact sequence 0 —>■ A(A) —>■ T(A) ^ M —>• 0 such that M has a 
filtration by A{g) {g < X). Applying F we get an exact sequence 0 —>■ FM —>• 
FT{X) — 5 > TA(A) —?> 0 with FM having a filtration by FA{g) {g < A). This 
checks the last axiom. □ 

Proposition A. 20. F restricts to a contravariant equivalence between and 


20 






































Proof. We saw that F\q& is fully faithful and thus it suffices to show the 
essential-surjectivity: i.e. we want to show that for any N G (C^)^ there exists 
an M G such that FM = N. This follows by the induction on the length of 
N G if 0 —>■ —>■ —>■ N" 0 is an exact sequence with N' = FM' 

and N" ^ FM" {M',M" G C^), then since Ext^(Af", A^') ^ Ext^(M',M") 
there is an exact sequence 0 M" —>• M —>• M' -G 0 mapped to the above 
sequence under F, and in particular N = FM. □ 
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